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Geometrical Approach to the Gauge Field Mass Problem. 
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The (4+d)-dimensional Einstein-Hilbert gravity action is considered in the Kaluza - Klein approach. The 
extra-dimensional manifold Vd is a Riemannian space with the d-parametric group of isometrics Gd which acts 
on Vd by the left shifts and with an arbitrary non-degenerate left-invariant metric gat- The gauge fields An{x) 
are introduced as the affine connection coefficients of the fiber bundle with Vd being the fiber. The effective 
Lagrangian Lc:ft{Aij_{x), gat} is obtained as an invariant integral of the curvature scalar of the structure considered. 
The conditions on gab are formulated under which LaB{Af_t{x),gab} contains in addition to the square of the gauge 
field strength tensor also the quadratic form of Afj,{x) and additional fields with pure gauge degrees of freedom. 
The eigenvalues of the quadratic form are calculated for the case of the gauge group SO{3) and it is shown that 
they are not equal to zero in the case when gab is not proportional to the unit matrix. 



As it is known, the most consistent approach 
to the theoretical description of the gauge fields 
is using Kaluza - Klein type theories of (4-|-d)- 
dimensional Einstein gravity (||ll-[§|). In this ap- 
proach the properties of the gauge fields are the 
consequence of the geometrical and topological 
structure of the extra-dimensional manifold. The 
effective Lagrangian of this theory is obtained 
upon integration over the extra-dimensional man- 
ifold and, depending on the type of this space, can 
contain gauge fields, as well as various fermionic 
and scalar fields. 

There is a well known difficulty in the de- 
scription of massive gauge fields A^{x) which 
consists in the following. The quadratic form 
Af^{x)MAf^{x) which describes mass terms in 
a 4-dimension Lagrangian is not invariant un- 
der inhomogeneous transformations of the gauge 
fields A^{x) ^ A'^{x) = S{x)Af,{x)S^^{x) + 
S{x)d^S~^{x). As is well known, this problem is 
solved by the introduction into the theory of ad- 
ditional scalar fields with an appropriate trans- 
formation law and with such a self-interaction 
potential in the ordinary space-time which cause 
the scalar field to acquire a non-zero vacuum ex- 
pectation value (VEV). The interaction of the 



gauge fields with this VEV produces mass terms 
for gauge fields, (the Higgs effect). This mech- 
anism of the VEV generation should be neces- 
sarily accompanied by the quantum excitations 
over the VEV. The absence of the experimental 
observations of such excitations (Higgs bosons) 
impels one to think that it would be more nat- 
ural to introduce into the theory of an intrinsic 
analog of the VEV object in the same manner as 
charges, lepton masses etc. are introduced. The 
origin of such objects should be regarded as the 
subject for a future study of the theory. In this 
work I would like to show that the metric of the 
extra-dimensional manifold in the Kaluza-Klein 
approach may be used as such an object. 

We will shown that in multi-dimensional theo- 
ries of the Kaluza-Klein type one can obtain the 
Lagrangian which is manifestly gauge invariant in 
multi-dimensional space-time and after the inte- 
gration over the additional manifold reduces to an 
in effective 4-dimensionl Lagrangian which con- 
tains both the square of the strength tensor of 
gauge fields and the quadratic form of this fields. 
Note that a selection of parameters of the metric 
of Yd is possible such that corresponding addi- 
tional fields are pure gauge degrees of freedom 
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and hence unobservable. 

Let us briefly remind the basic structure of 
Kaluza - Klein type theories. The effective 4- 
dimensional action is obtained from these theories 
after the integration over the extra-dimensional 
manifold of the (4+d)-dimensional Einstein- 
Hilbert action: 



d'^xLcff{x) (1) 



where kis a (4-|-d)-dimensional gravitational con- 
stant, G, R are a metric and the scalar curva- 
ture in (4-|-d)-dimensional space. The coordi- 
nates X^, A ~ 0, 1, 2, 3, 3 -I- d, are separated 
into the coordinates x^^, /i = 0, ...,3, of the or- 
dinary space-time, plus the coordinates y°', a = 
l,2,...,(i, of a compact d-dimensional manifold 

We shall restrict our consideration to the Yang- 
Mills gauge fields with a r - parametric gauge 
group Gr, without taking into account effects 
of the gravitational field in ordinary space-time. 
In other words, we shall assume that (4-t-d)- 
dimensional space has a structure of the fiber 
bundle with the flat Minkowski space M4 (with a 
metric 7^,^ — diag(l, — 1, — 1, — 1)) being its base 
and the fiber Vd being a Riemannian space with 
the r-parametric group of isometries Gr which 
acts transitively on Vd by the left shifts. This 
means that the dimension of Vd (i.e. d) is equal 
to r. Yang-Mills gauge fields are introduced as 
the affine connection coefficients 



A^{x)=Al(x)E,{y). 



(2) 



Here Ea{y), a — 1, f are generators of the left 
shifts on Vd which obey the Lie algebra of Gr- 



[Ea,Ei,] - fabEc 



(3) 



where /^^ are the structure constants of Gr , and 
Ea have the form: 



Ea{y)^C{y)d/dy", 



(4) 



^aiy) are corresponding Killing vectors. Here- 
inafter it is convenient to use the variables y", 
^Ji) 9ab, lnv and Ea in the dimensionless form. 
For this it is necessary to introduce a constant 
m~'^ with the dimension of length. 



Then in the covariant basis EA^ where 
EA = D^, = d^ + meA^Ea A = 0, 3 



Ea = mEa 



A = ?, + a 



(5) 



the metric tensor Gab of the (4-f d)-dimcnsional 
manifold has the form: 



Gai 



gab 
7m«^ 



(6) 



The commutation relations for the vector fields 
Ea are [Ea,Eb] — Gab^d, where 



GXb = eF^u when A = fi, B = ly, D = d; 

= m/^^ when A ^ a, B ^ b, D ^ d; 
^AB — otherwise. 



(7) 



Here 

F;, = d^AUx) - d,A-{x) + emf,-X{x)Al{x) is 
the strength tensor of the gauge field, em is the 
gauge field coupling constant. 

Using known formulae for the Christoffel sym- 
bols g 

^AB = ■^G'"^ (EaGbd + EbGad — EdGab 
- GadGbe - GbdGae) + -jGAD^ (8) 
and for the Riemann tensor 



C^E Tj j^A I 77^ T^A 

^ BCD — ^DC^ EB ~ ^Dl^ CB + ^C>^ DB 



^^E^CB '^^CE^DB^ (9) 



one can obtain the following expression for the 
scalar curvature B: 



R= - -^aabY'i^'^F^^Fl^ 

where Fj^^ is defined in (|^), 



(10) 



p{/) ^ ^ ^71 r7n ab , ^ rn rm cd ab\ 

^ — ~^\JamJ7ih9 2JadJch9 yniny ) 

(11) 
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is the scalar curvature of the fiber, i?'^''' = in 
the case of the flat base, 



-{D^gac){D,gM)\] (12) 

In order for when acting by the left shifts Ea (y) 
on Vr the group Gr to be the isometry group the 
metric gonVr must obey the Killing equation: 

Ca.5a/3 + g^adp^Z + gpM: = (13) 

where 'gap = gida, dp) is the metric tensor in the 
coordinate basis, and ^" are the Killing vectors 
of the left shifts Ea defined in (§). 

As it is known ||], the solution of dl^ ) in the 
basis Ea has the form 

g{Ea,Eb) = gab{y) = Kaatgata^Kbtb, (14) 

where gab = giEi^\ Ej^^^) is the metric tensor in 
the left invariant basis of the right shifts Ea 
Va{y)d/dya, a = l,2,...,r; 



(R) 



-fab^' 



(R) 



Ea , E, 



(J?,) 



0. 



(jab is an arbitrary symmetrical non-degenerate 
(r X r) matrix with elements which do not depend 
on ya. In eq. (0) Kabiy) = ^^iy) {Vb\vJ)a 
the matrix of the ^^-representation of G^, Kab = 
Kba is the transposed matrix, and it is always 
possible to put det(K)=l. 

The effective 4-dimensional Lagrangian has the 
form 



dfi{y)R 



(15) 



where the left-invariant measure is 

dn{y) = m-'dJ'yyJ^ = m-''d''y^/g/det{^^). 

g and g are the metric determinant in the co- 
ordinate and left-invariant basis, respectively. 

It should be mentioned here that operators of 
the group Gr act on gab only by means of the 
generators Ea acting on Kab[y) 



Therefore gab transforms under the action of the 
generators Ea as follows 



Ecgab = fcagrb + fcbgra 



(17) 



and the inverse tensor g"'', g'^^gac = trans- 
forms as 



p „a6 ra rb fb 

Ecg - - J erg - J erg 



(18) 



It is easy to see that the expression (|T^) is mani- 
festly invariant under the gauge transformations 

S{E){x)A^,{x)S'^^^^{x) + S^E){x){d^,Sl^^^{x)), 
g-* g' ^ S{E){x)gS^j^^{x). (19) 

where S(^e){x) = exp {uj'^{x)Ea) is a local gauge 
transformation. 

Since the metric tensor gabiy) = KaaigaibiKb^b 
is expressed in terms of the Ad-representation ma- 
trices Kab^ for further consideration it is conve- 
nient to pass to the matrix form of the gener- 
ators Es of the group Gr Es ~f {fs)ab, where 
ifs)ab is a matrix form of the structure constants 

fsa ~ {.fs)ab- 

Then the expression [D^gab) may be rewritten 
as follows 

{Df^gab) = 

{K{y)gK{y))^^ + em{A^)ae{K{y)gK{y))eb 
- em{K{y)gK{y))ae{A^)eb, (20) 

where (A^)a6 = {A''^fs)ab- 

After substituting this expression into ( p^ ) - 
(|l|) and some algebra the effective Lagrangian 
may be written in the following form 

L,^{Al,gab} = L^-^^+L^^'^ + L^^\ (21) 
where 



d^.{y) {K{y)gK{y))ab^''l''"Vl 



(EsKab) = fLKrb 



(16) 



(22) 
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[{emf[Sp{AM 

-Sp{A^K{y)gK{y)A;K-\y)g-^K-\y)}] 
+em[Sp{K(y){d,,g)g-^K-\y)A^} 

~ Sp{A,K~\y)g-\d^g)K{y)}\ 

+2Sp{g'\dlg)}+\[Sp{g-\d,g)}Y 

-\sp{g-\d,g)cr\d,g)}]- (23) 

lU) = \ f d^i{y)R^f^■ (24) 

Here A^ denotes the matrix {A^^{x) f s) ah] 9, g^^, 
K, K, K^^, K ^ denote corresponding matrices 
gab, ■■■ , (K )ab, and matrix multiplication is 
defined in the standard way. 

The gauge transformation ( |l^ ) now may be 
written in the usual matrix form 
{S{x))^, = {exp{u^{x)fs))a,. 

Let us take into account that the transforma- 
tion 

Kabiv) - Kb{y) = {S{x)K{y)S~\x)U = 
Kabiy') is equivalent to a change of the variables 
Va y'a and that the measure dfi{y) is invariant 
under such transformations. 

Then it is easy to see that eqs. (|2^) - (|4|) for 
the effective Lagrangian are gauge invariant 

A,{x) ^ A'^ix) = 

Six)A^{x)S-\x) + S{x){d^S-\x)), 

g^g' ^S{x)gS-\x). (25) 

The integration of ( pT| ) over Jy diJ.{y) in the 
general case of an arbitrary group Gr is a rather 
difficult prolbem, but the integration of the first 
term of Lcs{x) in (^ ) is trivial when one uses 
known orthogonality relations for the irreducible 
unitary representations K^j^{y) 

I My)K\MKt:bM- 

JVr 

dim(Ai) ^^i^2S°'ia2Sbib2- (26) 



Here the index A numbers different irreducible 
representations of the group Gr, Vr — Jy d^{y) 
is the volume of the manifold Vr and dim(A) is 
the dimension of K^f^. 
Then we obtain 

L^^^ = ~y^^Sp{g)W^r''l''"- 

One can see that in the case of arbitrary 
dependence of the matrix ijab on a;^, in addi- 
tion to the gauge fields v4°(a:) the effective La- 
grangian Loff{A^, gab} also contains Brans-Dicke 
type fields (because Sp{g) depends on Xf^) and 
a set of scalar fields, with a complicated self- 
interaction potential, which interact with the 
gauge fields. In the general case these scalar fields 
belong to the different representations of Gr- The 
conditions can be formulated under which this set 
of fields form certain representations of G,., and 
the Lagrangian of a standard Higgs type can be 
obtained. (See, for example, 0|). 

But there is more interesting opportunity, the 
one to consider a left invariant metric cjab as an 
intrinsic, independent of x^, characteristic of the 
gauge fields A'^^{x). More precisely, let us suppose 

that gab has the form gab = {So{x)gSQ^{x))ab-, 
where g^^| is a symmetrical matrix independent of 
x^ and So {x) is an arbitrary gauge transformation 
matrix. 

It should be noted that this condition on 
(Jab is a direct generalization of the Einstein 
general relativity principle to high dimensions. 
Really, the Einstein general relativity principle 
is the statement that the 4-dimension metric 
tensor 7^''(x) which is associated to the arbi- 
trary gravitational field, may be locally trans- 
formed to the flat Minkowski space tensor = 
diag(l, —1,-1,-1) by the transformations of the 
gauge group. (In the case of gravity this is the 
group of general covariant transformations.) 

The generalization of this principle to the fiber 
bundle structure under consideration is the state- 
ment that the left invariant metric tensor ijab of 
any fiber Vr may be transformed by a gauge trans- 
formation Sq (x) to a constant matrix g indepen- 
dent of space-time coordinates x^. 

It is easy to see that the gauge symmetry of 
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LosiA, (Jab} leads to the equality 

L^ffiAf,, So{x)gabS^^{x)} = Lofrl^M'SaJ (27) 
^here 

\ = So\x)A^Soix) - iem)-^So\x){df,So{x)). 

In other words, in this case the field gab has 
pure gauge degrees of freedom and there is a 
gauge condition d^{g)ab = when Lctf{A,gab} 
acquires the simplest form 

-mlB;{x)MsrB;{x)+A{-g). (28) 

Here 



Msr = — - [ d^i{y) 

Vr Jvr 

Sp{ Us)K{y)m{y) ifr)K'\y)r'K-\y)} 



Sp{{fs){fr)} 



A(.g) = 4 / My)R^^'>; 



(29) 



(30) 



Plank mass. The parameter m~^, which defines 
the length scale of the extra-dimension manifold, 
defines only the value Cg of the effective coupling 
constant of the gauge interaction. It is interesting 
that in the case of a simple group Gr the param- 
eter e cancels out. 

We are not able to develop here a general the- 
ory of the invariant integration over the Rieman- 
nian manifolds with an arbitrary group of isome- 
trics and shell restrict our further consideration to 
the case when Vr is a 3-dimensional Riemannian 
space with the isometry group of Gr = 50(3). 

It is convenient to use the parametrization of 
5*0(3) by the vectors j/q [||, where the vector y 
corresponds to the rotation around the axis y/y at 
the angle a: y = tan{a/2). In this parametriza- 
tion we have /^^ = £abc, 

the Killing vectors of the left shifts are 

Caa(y) = ^ {Saa + yaVa + Saa/Hyp) (31) 

and the matrix of the Ad-representation is 
1 



Kabiy) 



1 + r 



[(1 - y'^)Sab + "^yayb + '^Sabcyc 



(32) 



and we have introduced new variables B^{x) = 
meS^\x)A'^{x)So{x) + So\x){df,So{x)) in or- 
der to get the canonical form of the gauge field 
strength tensor: 

F^,{x) = 1 {d^B^ - d^Bl + f^^B^B,, 



In the (H) 

f Spjg) Vr y^'\ 
^ \ r m^K^ 



mo 



1/2 



We have not considered the gravitation sector of 
the theory, but it is well known that in order 
to the gravitation sector, which arises as a result 
of deformations of the flat metric 7^1, of the base, 
to coincides with ordinary Einstein gravity, one 
should put Vrl^} — l/167rGAr, where Gat is the 
Newton gravitational constant. Therefore it is 
necessary to put — mp/lGir, where nip is the 



Finally, passing to the spherical coordinates in V3 
and taking into account that det(^) = i(l-fy^)^, 
one writes the left-invariant measure in the form 



1 



(33) 



im \/g-- — ] — sin 8(i9(i(/5; 



(l + 2;2)2 



The matrix gab is an arbitrary non-degenerate 
(3 X 3) matrix. It may be diagonalized hy a, V 
rotation independent of and has the form 

9ab = VaaiQai^aibiVbib 

In the case of G,- = 50(3) using the invariance 
of the measure d^{y) and Jacobi identities for the 
structure constants /^^, it is easy to see that the 
transformation B'^ VabB^ simultaneously diag- 
onalizes also the quadratic form Bfj^MabB";^. After 
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the integration of (pQ]), we obtain for the eigen- 
values of the gauge field mass matrix: 



Mil 



1 

To 



M22 = 



1 

10 



, (92 - 9s? 
9293 
^ {91 " 93? 
9193 



. (gi - 93? 
9193 

^ {92 - 93? 

9293 



{91 -92) 



9192 



{91 -92? 



9i92 



M33 = TTT 



, (gi - 92? 
9i92 

, (ga-gi)^ , {92-93? 



9391 



9293 



(34) 



(35) 



(36) 



The integration of the fiber scalar curvature gives 



1 771 

A(g) = -^—^r [2Sp(r') - Sp(g2)/det(g)] 



2 K 

rn^Vr 



9l 



g| 



9l 



gig293 
- '^{9192 + 9193+9293) 



(37) 



fields which does not contain any additional ob- 
servable fields can be constructed. Such a La- 
grangian can be rather simply written in the (4 
-I- d)- dimensional form. (See expr. ( ^ — (|2^)). 
The integration of the corresponding expressions 
over extra dimensions in the general case leads 
to rather complicated formulae and it is conve- 
nient to perform this integration after imposing 
appropriate gauge conditions. 

In this work the mass matrix of the gauge fields 
has been expressed in terms of the left-invariant 
metric of the additional space Vr and the calcu- 
lations are made only with the purpose of illus- 
trations of possible results for the simple case, 
when the gauge group is 50(3). So we have not 
considered the problem of the determination of 
the metric parameters and the comparison of ob- 
tained expressions with experimental data. We 
did not touch also the problem, why the values 
gi — gj are so small, that can reduce the Plank 
mass nip down to values of gauge field masses ob- 
servable experimentally. It would be interesting 
to consider these problems in the framework of 
ideas of the spontaneous compactification of mul- 
tidimensional supergravity which were intensively 
studied by the D. V. Volkov group (Q-Ill). 

The author would like to thank I. Bandos and 
A. A. Zheltukhin for helpful discussions and inter- 
est to this work. 



One can see that for the case of compact V3, 
(all gi have identical signs) the eigenvalues of the 
gauge field mass matrix Msr are positive definite. 
As we see, the values of mass in the considered 
approach are determined by the parameters {gi — 
gj) which characterize the degree of deviation of 
the metric from the completely symmetrical case 
9i = 92 = 93- As it is well known, in this case 
V3 is a symmetric space with the isometry group 
S'0(3) X 50(3), and from (||||) one can seen 
that Mii = 0. If gi = 52 7^ 93 then the isometry 
group of V3 is 50(3) X [/(I) 1^ and in this case 
Mil - M22 ^ M33. 

From ( ^ ) it is seen that cosmological constant 
A = when 33 = (y^iy^)^, and this condition 
does not impose serious restrictions on gi. 

In conclusion, in this paper we have shown 
how an effective Lagrangian for the massive gauge 



REFERENCES 

1. Th. Kaluza, Sitz. Preuss. Akad. Wiss. Berlin. 
Math. Phys. Kl (1921) 966. 

O. Klein, Z. Phys. 37 (1926) 895. 

2. A. Salam, J. Strathdee, Ann. of Phys. 141 
(1982) 316. 

3. M. J. Duff, B. E. W. Nilson, and C. N. Pope, 
Phys. Rep. 130 (1986) 1. 

4. Y. M. Cho and P. G. O. Frcund, Phys. Rev. 
, D12 (1975) 1711. 

Y. M. Cho, Enrico Fermi Institute Report No. 
EFI 75/2. 

5. B. DeWitt, Dynamical Theory of Groups and 
Fields. Gordon&Breach, NY, 1965. 

6. S. Weinberg, Phys. Lett. 125B (1983) 265. 

7. I. P. Volobuyev, Yu. A. Kubyshin, 
J. M. Mourao, Theor. Math. Phys. 78 



397 



(1989) 58; 267. 

8. F. I. Fedorov, The Lorentz Group. (In Rus- 
sian), M., Nauka, 1979. 

9. A. Z. Petrov, New Methods in General Rela- 
tivity Theory. (In Russian), M., Nauka, 1966. 

10. D. V. Volkov and V. I. Tkach, Pis'nia Zh. 
Eksp. Theor. Phys. 32 (1980) 681; Theor. 
Math. Phys. 51 (1982) 427. 

11. D. V. Volkov, D. P. Sorokin and V. I. Tkach, 
JETP Lett. 38 (1983) 481; Ibid. 40 (1984) 
1162. 

12. D. P. Sorokin, V. I. Tkach and D. V. Volkov, 
Phys. Lett. B 161 (1985) 301; Yad. Fiz. 43 
(1986) 222. 

13. D. P. Sorokin and V. I. Tkach, Fiz. Elem. 
Chast. Atom. Yadra 18 (1987) 1035. 



